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Abstract
We present new bell inequalities for arbitrary dimensional bipartite
quantum systems. The maximal violation of the inequalities is com-
puted. The Bell inequality is capable of detecting quantum entangle-
ment of both pure and mixed quantum states more effectively.
PACS numbers: 03.67.-a, 02.20.Hj, 03.65.-w
The problem related to the local realism and quantum mechanics was first highlighted
by the paradox of Einstein, Podolsky and Rosen [1]. Later, Bell proposed a remarkable
inequality that should be obeyed by any local realistic theory [2]. From then on investigation
of Bell theorem for a general quantum system has been regarded as one of the most important
challenges in quantum mechanics and quantum information science [3–8].
Since Bell’s work there have appeared many important further results such as Clauser-
Horne-Shimony-Holt (CHSH) [9] and Mermin-Ardehali-Belinskii-Klyshko (MABK) inequal-
ities [10]. In 1991 Gisin presented a theorem saying that any pure entangled states of two
spin-1/2 particles (qubits) violate the CHSH inequality [11]. A more complete and simpler
proof of this theorem had been given for two arbitrary spin-j particles systems [12]. Soon
after a necessary and sufficient condition for violating the CHSH inequality by an arbitrary
mixed spin-1
2
state is presented in [13]. In [14] the authors showed that mixed states can
produce maximal violations in the Bell inequality. Since then there have been many re-
sults on studying the Gisin’s theorem for general bipartite systems and three qubits systems
[15] in terms of various kinds of Bell inequalities. In the reference [16], all pure entangled
two-qudit states violate an inequality was studied. A Bell inequality for two 3-dimensional
particles was also given in [17]. In [18] the authors show the maximal violation of Bell in-
equalities which corresponds to the maximal eigenvalue of the Bell operator matrix for two
1
d-dimensional systems. The maximal violation of the Collins-Gisin-Linden-Massar-Popescu
Inequality [5] is also studied in [19].
In this paper, we present new Bell inequalities for bipartite quantum states. The maximal
violation of the Bell inequalities is computed analytically for pure states. The inequality
and it’s maximal violation are also shown to be valid for all bipartite even dimensional
bipartite mixed states and some odd dimensional bipartite mixed states. It is shown that
some entangled quantum states that are unrecognizable by using the Bell inequality given
in [12] can be detected by the new Bell inequalities.
We consider bipartite states on N ×N systems. For even N , let Γx, Γy and Γz be block-
diagonal matrices, in which each block is an ordinary Pauli matrix, σx, σy and σz repectively,
as described in [12] for Γx and Γz. When N is odd, we set the elements of the kth row and
the kth column in Γx, Γy and Γz to be zero. The rest elements of Γx, Γy and Γz are the
block-diagonal matrices as for the even N case. Let Π(k) be an N × N matrix whose only
nonvanishing entry is (Π(k))kk = 1, k ∈ 1, 2, · · · , N for odd N and be a null matrix for even
N . We define observables
A = ~a · ~Γ + Π(k) = axΓx + ayΓy + azΓz +Π(k) (1)
and
B = ~b · ~Γ + Π(k) = bxΓx + byΓy + bzΓz +Π(k), (2)
where ~a = (ax, ay, az) and ~b = (bx, by, bz) are unit vectors.
We define the Bell operator as
B = A1 ⊗ B1 + A1 ⊗ B2 + A2 ⊗ B1 − A2 ⊗B2, (3)
where
Ai = ~ai · ~Γ + Π(k) = axi Γx + ayiΓy + aziΓz +Π(k),
Bi = ~bj · ~Γ + Π(k) = bxjΓx + byjΓy + bzjΓz +Π(k).
Theorem : If there exists local hidden variable model to describe the system, the in-
equality
|〈B〉| ≤ 2 (4)
must hold for any ~ai, ~bi, i = 1, 2, and all k ∈ 1, 2, · · · , N .
The Proof of this theorem is straightforward. Note that for any 3-dimensional unit vectors
~a and ~b, the eigenvalues of A and B are either 1 or −1. Then as discussed for two-qubit
case, if there exists local hidden variable model to describe the system, one has
|〈B〉| = |〈A1 ⊗ B1 + A1 ⊗ B2 + A2 ⊗B1 −A2 ⊗ B2〉|
= |〈A1 ⊗ (B1 +B2)〉+ 〈A2 ⊗ (B1 −B2)〉|
≤ |〈A1〉||〈(B1 +B2)〉|+ |〈A2〉||〈(B1 − B2)〉| ≤ 2.
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Now we compute the maximal violation of the Bell inequality.
Proposition 1 : For any bipartite pure state |ψ〉 with even N , the maximal violation of
the Bell inequality (4) is given by
max〈ψ|B|ψ〉 = 2√τ1 + τ2, (5)
where τ1 and τ2 are the two largest eigenvalues of the matrix R
TR, R is the matrix with
entries Rαβ = 〈ψ|Γα ⊗ Γβ|ψ〉, α, β = x, y, z.
[Proof] If N is even, we have the maximal violation of the Bell inequalities (4),
max〈ψ|B|ψ〉 = max
~a1,~a2,~b1,~b2
[〈ψ|
∑
α=x,y,z
aα1Γα ⊗
∑
β=x,y,z
(bβ1 + b
β
2 )Γβ|ψ〉
+〈ψ|
∑
α=x,y,z
aα2Γα ⊗
∑
β=x,y,z
(bβ1 − bβ2 )Γβ|ψ〉]
= max
~a1,~a2,~b1,~b2
[~a1 · R(~b1 +~b2) + ~a2 · R(~b1 −~b2)]
= max
~b1,~b2
[||R(~b1 +~b2)||+ ||R(~b1 −~b2)||]
= max
θ,~c⊥~c′
2[cos θ||R~c||+ sin θ||R~c′||]
= max
~c⊥~c′
2
√
||R~c||2 + ||R~c′||2 = 2√τ1 + τ2,
where ~ai = (a
x
i , a
y
i , a
z
i ),
~bj = (b
x
j , b
y
j , b
z
j ), i, j = 1, 2. 
Proposition 2 : For any bipartite pure state |Ψ〉 in the Schmidt bi-orthogonal form,
|Ψ〉 =
N∑
i=1
ci|ii〉, ci ∈ IR,
∑
i
c2i = 1 (6)
with odd N , the maximal violation of the Bell inequality (4) is given by
max〈Ψ|B|Ψ〉 = 2√τ1 + τ2 + 2〈Ψ|Π(k)⊗Π(k)|Ψ〉, (7)
where τ1 and τ2 are defined in Proposition 1.
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[Proof] For odd N any k ∈ {1, 2, · · · , N}, similarly we have
max〈Ψ|B|Ψ〉 = max
~a1,~a2,~b1,~b2
[〈Ψ|(
∑
α=x,y,z
aα1Γα +Π(k))⊗ (
∑
β=x,y,z
(bβ1 + b
β
2 )Γβ + 2Π(k))|Ψ〉
+〈Ψ|(
∑
α=x,y,z
aα2Γα +Π(k))⊗ (
∑
β=x,y,z
(bβ1 − bβ2 )Γβ)|Ψ〉]
= max
~a1,~a2,~b1,~b2
[~a1 ·R(~b1 +~b2) + ~a2 · R(~b1 −~b2)] + 2〈Ψ|Π(k)⊗ Π(k)|Ψ〉
= max
~b1,~b2
[||R(~b1 +~b2)||+ ||R(~b1 −~b2)||] + 2〈Ψ|Π(k)⊗ Π(k)|Ψ〉
= max
θ,~c⊥~c′
2[cos θ||R~c||+ sin θ||R~c′||] + 2〈Ψ|Π(k)⊗ Π(k)|Ψ〉
= max
~c⊥~c′
2
√
||R~c||2 + ||R~c′||2 + 2〈Ψ|Π(k)⊗ Π(k)|Ψ〉
= 2
√
τ1 + τ2 + 2〈Ψ|Π(k)⊗ Π(k)|Ψ〉.

Remark: For even N , the formula (5) is also valid for any bipartite mixed quantum states
ρ. One only needs to redefine Rαβ = Tr[ρΓα⊗Γβ] for α, β = x, y, z. The formula (7) doesn’t
fit for general quantum states with odd N . However, for some quantum mixed states their
maximal violation of the Bell inequality (4) can be still computed by the formula (see the
example 2 below).
Moreover the Bell inequality in [12] is a special case of (4) in the sense that it can be
obtained by setting ay, by in (1) and (2) to be zero, and k = N in our Bell operator (3).
For k = N , the maximal violation of (4) for an arbitrary bipartite quantum state (6) is the
same as the violation values given in [12]. Which means that the parameters ay, by do not
contribute to the maximal violation in this case. However, even in this case the formula (5)
and (7) have their own advantages. On one hand, one can compute the maximal violation
without choosing proper Bell operator as is needed in [12]. On the other hand, for odd N ,
by adjusting k more entangled quantum states can be detected. In the following we give
two examples to show these properties.
Example 1: Consider a 3 × 3 pure state with Schmidt decomposition |ψ〉 = (|11〉 +
|33〉)/√2. Using the Bell operator given in [12] one gets the maximal violation 2, which fails
to detect the entanglement. Now taking k = 2 we obtain the maximal violation of our Bell
inequality (3) 2
√
2, which means that |ψ〉 is entangled.
Our Bell inequality valids also for all mixed states with even N and for some mixed states
with odd N . Therefore it can be used to detect experimentally the entanglement of mixed
states.
Example 2: Consider that the maximally entangled state |ψ+〉 =
N∑
i=1
1√
N
|ii〉 mixed with
4
noise:
ρ(x) =
x
N2
I + (1− x)|ψ+〉〈ψ+|. (8)
For even N , the maximal violation of ρ(x) is 2
√
2(1 − x). Therefor, Bell inequality (4)
detect entanglement of ρ(x) for 0 ≤ x < 0.292893. If N is odd, first note that for any
k ∈ {1, 2, · · · , N} and α ∈ {x, y, z}, (Γα)kk = 0. Thus we have
Tr[ρ(x)(Γα ⊗Π(k))] = Tr[ρ(x)(Π(k)⊗ Γα)] = 0. (9)
Taking into account (9) we have the maximal violation
maxTr[ρ(x)B] = max
~a1,~a2,~b1,~b2
{
Tr[ρ(x)(
∑
α=x,y,z
aα1Γα +Π(k))⊗ (
∑
β=x,y,z
(bβ1 + b
β
2 )Γβ + 2Π(k))]
+Tr[ρ(x)(
∑
α=x,y,z
aα2Γα +Π(k))⊗ (
∑
β=x,y,z
(bβ1 − bβ2 )Γβ)]
}
= max
~a1,~a2,~b1,~b2
[~a1 · R(~b1 +~b2) + ~a2 · R(~b1 −~b2)] + 2Tr[ρ(x)Π(k)⊗ Π(k)]
= max
~c⊥~c′
2
√
||R~c||2 + ||R~c′||2 + 2Tr[ρ(x)Π(k)⊗ Π(k)]
= 2
√
τ1 + τ2 + 2Tr[ρ(x)Π(k)⊗ Π(k)],
where Rαβ = Tr[ρΓα⊗Γβ]. ForN = 3, the maximal violation of ρ(x) is 225(5−4x)+ 8
√
2
5
(1−x).
Hence the Bell inequality (4) can detect then the entanglement of ρ(x) for 0 ≤ x < 0.2566
in this case.
We have studied bipartite Bell inequality by constructing new Bell operator which in-
cludes the Gisin’s Bell inequalities in [12] as a special case. The maximal violation of these
Bell inequalities for pure states in Schmidt forms has been obtained. The formulae of maxi-
mal violation valid also for all pure and mixed quantum states in even dimensional bipartite
systems and for some mixed states in odd dimensional bipartite ones. The new Bell inequal-
ity has been shown to be capable of detecting quantum entanglement more effectively.
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